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INVARIANT MEASURES FOR PASSIVE SCALARS IN THE SMALL NOISE 

INVISCID LIMIT 

JACOB BEDROSSIAN, MICHELE COTIZELATI, AND NATHAN GLATT-HOLTZ 


Abstract. We consider a class of invariant measures for a passive scalar / driven by an incom¬ 
pressible velocity field u, on a d-dimensional periodic domain, satisfying 

dtf + u-Vf = 0, /(0) = /o. 

The measures are obtained as limits of stochastic viscous perturbations. We prove that the span of 
the eigenfunctions of the operator u ■ V contains the support of these measures. We also analyze 
several explicit examples; when m is a shear flow or a relaxation enhancing flow (a generalization 
of weakly mixing), we can characterize the limiting measure uniquely and compute its covariance 
structure. We also consider the case of two-dimensional cellular flows, for which further regularity 
properties of the functions in the support of the measure can be deduced. 

The main results are proved with the use of spectral theory results, in particular the RAGE theo¬ 
rem, which are used to characterize large classes of orbits of the inviscid problem that are growing 
in£fi. 


1. Introduction 


We consider the small noise inviscid limit of a class of stochastically forced linear drift-diffusion 
equations of the form 

d/ + (rr ■ V/ - uAf) dt = ,/^dJdWt, /(O) = /o, (1.1) 

evolving on a d-dimensional periodic domain. Here u is a fixed Lipschitz-continuous, divergence- 
free vector field, iz > 0 is the diffusivity parameter and d>dWt represents a white in time, spatially 
colored Gaussian noise (see (3.1) below for the full definition). We will always consider mean-zero 
initial data and forcing, which immediately implies that 



f{t,x)dx 


0 


for all t >0. 

It is a classical result [10] that there exists a unique Gaussian invariant measure associated 
to the Markov semigroup generated by (1.1). Due to the balance between diffusion and noise, it 
is possible to show that the sequence {/i^}i/e(o,i] converges, up to subsequences, to an invariant 
measure /xq of the inviscid deterministic equation (in general, there might be more than one limit 
point) 

dJ + u-Vf = 0, /(0) = /o. (1.2) 

In this article, we characterize the support of these measures /xq in terms of the spectral properties 
of the operator u ■ V. Specifically, we prove the following theorem. 
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Theorem 1.1. Let /xq be an invariant measure for (1.2), obtained in the small noise inviscid limit 
from (1.1). Define 

_ l2 

E = span|(^ e : u ■ V(p = iA(p, A G M} . (1.3) 

Then H E) = 1. In particular, spt(/io) C E. 

Extensions to more general linear problems are also eovered by our approaeh (e.g. eompaet 
manifolds without boundaries and more general dissipation, sueh as fraetional or inhomogeneous 
diffusion). 

In addition, we eonsider several eonerete examples where we are able to eharaeterize the sub- 
spaee E in (1.3) and/or to take advantage of properties of u ■ V — z/A to obtain a more detailed 
picture of the support of /xq- The theorem above is derived as a consequence of a rigidity result 
involving a uniform time-average growth of Sobolev norms of solutions to (1.2) (see Theorem 2.3). 
This criterion, verified for linear problems, could in principle be used to deduce similar conclusions 
for nonlinear systems (see Remark 2.5 below). 

The idea of balancing diffusion and noise by scaling with the parameter u was introduced in 
the context of the two-dimensional Navier-Stokes and Euler equations in a periodic domain in 
[25,28], and later extended to other systems [26,27]. The resulting invariant measures are expected 
to give some information about the generic, long-time dynamics of the inviscid systems in weak 
topologies, that is, taking into account the possibility of infinite-dimensional effects such as mixing 
and inviscid damping [4, 16]. However, for most nonlinear problems, for example the 2D Euler 
equations, we currently do not have much explicit information about these measures [16, 28, 33]. 

The mixing of passive scalars at high Peclet number {v —)■ 0 in (1.1)) is a subject of enduring 
interest in applied mathematics (see e.g. [1, 2,30,36, 37] and the references therein), which pro¬ 
vides a clear motivation for studying (1.1). Another motivation for studying passive scalars lies in 
the fact that, unlike nonlinear problems, spectral properties of w ■ V provide precise information 
about the long-time behavior of (1.2) - an idea that can be traced back to the seminal work [23], 
where weakly mixing flows are identified with dynamical systems with purely continuous spectra. 
This additional information will allow us to prove Theorem 1.1 and confirm the intuition that the 
inviscid invariant measures constructed in the manner described above should mostly retain infor¬ 
mation about the long-time dynamics of the large scales in the solutions, rather than information 
about the “enstrophy” in the small scales. 

The intuitive idea of our result is as follows: if rt ■ V mixes the scalar, then small scales are cre¬ 
ated and then rapidly annihilated by the dissipation on time scales faster than the natural 
scale. This mixing-enhanced dissipation effect and related mechanisms have been studied in sev¬ 
eral works, e.g. [3,5-7,17,40] and the references above (see also Remarks 4.10-4.11 for discus¬ 
sions about other types of small noise limits). In [7], the authors characterized a special class of 
flows, referred to therein as relaxation enhancing, which are precisely the flows with no eigen¬ 
functions (a strictly larger class than weakly mixing flows). The authors showed that in this case, 
the deterministic problem 

dtf + u-Vf - z/A/ = 0, /(O) = /o. 

dissipates density faster than 0(z/“^). 

In our context. Theorem 1.1 shows that in the case of relaxation enhancing flows the only in¬ 
variant measure produced by small noise limits is a point mass at zero. Note that this is in sharp 
contrast to the case of 2D Navier-Stokes to Euler limit, where it is known that the resulting inviscid 
measures cannot collapse to a single point; namely, the possibility of po being a Dirac mass on a 
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Steady state is ruled out by eonservation of energy and enstrophy [28]. One of the fundamental 
differenees between the situation eonsidered here and the 2D Navier-Stokes equations is the lack 
of an H~^ balance for the solution to (1.1). Indeed, / is the analogue of the vorticity, and the 
energy balance for 2D Navier-Stokes is precisely an H~^ balance for the vorticity. In the linear 
problem (1.2), the measures can certainly reduce to a point mass: the most apparent example is 
given by weakly mixing flows, and more generally relaxation enhancing flows, but this can also 
happen for simple shear flows depending on the structure of the noise (see Section 4). 


Plan of the paper. In Section 2 we consider the inviscid problem (1.2), and prove a general result 
on the growth of the norm of solutions with initial data in E^, the orthogonal complement of E 
as defined in (1.3). Asa direct consequence, we deduce that invariant measures for (1.2) with finite 
moment are supported on E. We proceed with the construction of such measures in Section 
3, via a small noise inviscid limit of invariant measures for (1.1). We also discuss statistically 
stationary solutions, and highlight the properties preserved in the limit as u —)■ 0. Finally, Section 
4 is devoted to explicit examples of fluid flows for which the invariant measures can be better 
characterized: in the case of relaxation enhancing flows and shear flows, the covariance operator 
of the (unique) Gaussian invariant measure can be computed explicitly, while for cellular flows 
further regularity properties are observed to hold. 


General notation. Throughout the paper, c will denote a generic positive constant, whose value 
may change from line to line in a given estimate. In the same spirit, Cq, Ci,... will denote fixed 
constants appearing in the course of proofs or estimates, which have to be referred to specifically. 
Given a Banach space X, B{X) will stand for the Borel a-algebra on X, ^(X) for the set of Bore- 
lian probability measures on X and Mb{X) (resp. Cb{X)) for the space of bounded measurable 
(resp. continuous) real-valued functions on X. We call IR+ = [0, oo). 


Function spaces. Let d > 2 be a positive integer. Throughout the article, = [0, 27r]'^ will denote 
the d-dimensional torus and all the real-valued functions on T'^ will be tacitly assumed to be mean- 
free. Accordingly, we will not make a distinction between homogeneous and inhomogeneous 
spaces. For p e [1, cx)) the Lebesgue norm on 

= I —)■ f \Lp{x)fdx < oo, f (p{x)dx = 0 

I Jjd Jjd 

is denoted by || ■ \\lp (with the obvious changes for p = oo), (-, ■) stands for the scalar product 
in L^, while for s G M the homogeneous Sobolev norms on id® = dd®(T'^) are denoted as usual 
by II ■ \\h‘> — ||(-A)®/2 . 11^2. Without explicit reference, we will often make use of the Poincare 
inequality 

llv^lU^ < ^IIpIIhi, ^ e H\ 

where Ai > 0 is the first eigenvalue of the Laplace operator, and whose eigenvalues are 

well-known to form a monotonically increasing and divergent sequence. The associated orthonor¬ 
mal Fourier basis will be denoted by {ej}j^-M, and P<Ar will indicate the projection onto the span 
of the first N elements of this basis. 
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2. The inviscid problem 

For a; G and t > 0, we study in this section certain properties of solutions to the inviscid 
transport equation 

dJ + u-Vf = 0, /(0) = /o. (2.1) 

Here u = u{x) : —)■ is a given Lipschitz, divergence-free, time-independent velocity vector 
field. The goal here is to make precise the close relationship between the spectral properties of the 
operator u ■ V and the invariant measures for the linear semigroup generated by (2.1). 

Any incompressible Lipschitz flow u generates a volume measure-preserving transformation 
$i(x), defined through the differential equation 

^<ht(a;) = $ 0 ( 2 :) = X. (2.2) 

Existence and uniqueness of solutions to the above ODE (2.2), guaranteed by the assumptions on 
u, translate into analogous properties for (2.1). In particular, it is standard to infer that all solutions 
to (2.1) with /o G satisfy 

/ G a(M; L^) n kF^’~(M; Ef^) 

and that (2.1) generates a one-parameter, strongly continuous, unitary group {S'(f)}tg]R of linear 
solution operators S{t) : L'^ ^ L'^ acting as 

/o ^ S{t)fo = fit), Sit)Mx) = M^-tix)), 

fulfilling the group properties 

S{0)=ldL2, Sit + r) = S{t)S{T), Sit)* = S{-t), Vf,rGM 

and satisfying the bound 

sup ||at/(f)||j:^_i < ||/o|li 2 ||w|U-. (2.3) 

teK 

Eurthermore, if we assume the initial datum /o G H^, then we have for some c > 0 independent of 
u, 

ll^W/olki <ceHUI‘l||/o||Hi, VfGM. 

2.1. Spectral properties of fluid flows. Inspired by the analysis of [7] , it is conceivable to expect 
that the set of ETkeigenfunctions of the operator u ■ V plays an important role in the analysis of 
(2.1). Specifically, this point of view will prove very useful when (2.1) is recovered as an inviscid 
limit of viscous equations, providing information about important effects involving anomalously 
fast dissipation. In this spirit, we define the closed subspace 

_ 1^2 

E = spanj^? e : u ■ V(p = i\(p, A G M} , (2.4) 

generated by -eigenfunctions of u ■ V. We can then write Lf = E ® E^ and denote by 

Yle-.L^ ^E and Hf : ^ E^ 

the respective orthogonal projections. It is not hard to see that the corresponding unbounded oper¬ 
ator 

L = iu-V : DiL) C ^ L)(L) = (v? G : Ly? G , 

is closed, densely defined {H^ C DiL)), self-adjoint, generates {Sit)}t^u (i-e. S'(f) = e*^*), and 
maps DiL) f] E to E, and therefore DiL) fl E-^ to E-^ as well. Its restriction 

L = L\e± : DiL)nE^ E^, 
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is itself a closed, densely defined and self-adjoint operator on E^. Following the approach of 
[34], we can therefore further split and define the projection lip on the spectral subspace 
generated by the pure point measure given by the spectral decomposition of L. Denote by He the 
projection onto its orthogonal complement in E^, that is, onto the orthogonal complement of the 
eigenfunctions of L. 

More importantly, L has no iF^-eigenfunctions and is therefore, in the terminology of [7], 
relaxation-enhancing (see Definition 4.1 below). We discuss relaxation-enhancing flows in more 
detail below in Section 4. Of importance here are two results from [7] on the behavior of time 
averages with respect to the linear unitary semigroup generated by L, which we denote as 

S{t) = :E^ ^E^, Vf G M. 

The first one concerns the evolution of the continuous spectrum of L, which we restate slightly for 
our setting. Its proof is based on the so-called RAGE theorem as in [35]. 

Lemma 2.1 ([7, Lemma 3.2]). Let K. C E-^ be a compact set. For any a > 0, there exists 
Tc = Tc{N, a, /C) such that for all T >Tc and any /q G /C 

f I IR<«s(*)nToHLdi < <^ll/oll!>, 

where P<n is the projection onto the span of the first N eigenfunctions of the Laplace operator. 


Contrary to [7], we have stated the result for a general compact set rather than a compact subset 
of the unit sphere of Lf. By linearity, it is clear that the statements are equivalent. The crucial point 
here is that the choice of the time depends on the compact set /C in a uniform way rather than 
pointwise on /q G /C. It is also worth mentioning that the above result is true for the operator L and 
its spectral projection lie on Lf as well, and does not require the absence of iT^-eigenfunctions. 
This is in contrast with the second lemma below, for which the fact that L does not have H^- 
eigenfunctions plays an essential role. It describes the behavior of the point spectrum under S{t). 

Lemma 2.2. [7, Lemma 3.3] Let K, C E^ be a compact set such that 0 ^ /C, and define 

/Ci = |0G/C:||np0|U2>||0|UV2}. 

For any 5 > 0 there exists Np{B, fC) and Tp{B, K.) such that for any N > Np, any T > Tp and 
any /o G A3i 

IR<A(i)L/ollLdi > S|l/olli^. 

where P<n is the projection onto the span of the first N eigenfunctions of the Laplace operator. 


2.2. Invariant measures and their support: a general result. The main result of this section is 
a general statement about the average growth of the H^-norm of solutions to inviscid problems. 
The result is similar to ideas in [7, 40], where time-averaged norm growth of the inviscid problem 
is used to deduce enhanced dissipation of the viscous problem. It reads as follows. 


Theorem 2.3. Let K. d n E'^ be a nonempty compact set in Lf such that 0 ^ /C. Then the 
solution operator S(t) : L^ —)■ L'^ for (2.1) satisfies 


lim inf — 

T^oo fo&JC T 


ll>^(^)/oilHid^ = oo- 


(2.5) 
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Proof. We first notice that (2.5) only needs to be proven for S{t) since we are assuming that /C is a 
subset of . Fix i? > 0 arbitrarily. We aim to find Tq = To{B, /C) > 0 such that for any T >Tq 

l|S(i)/of„.dt>B||/ollL.. V/„eK. (2.6) 

The result will follow after noting that inf f^(zjc ||/oil 1,2 > 0 due to compactness and 0 ^ /C. Notice 
that it is important that Tq depends on K, but not on /q. Define the following subset of /C (which is 
also compact in L^), 

/Cl = | 0 e/C:||np 0 |U 2 >11011^2/2}. 

We consider two cases. 


o Case 1: fo G /Ci. By Lemma 2.2 there exist Np{B, K,) and Tp(i?, K.) such that for any T >Tp 

cT 

|2 


1 

T 


|P<iv,^(t)np/o||^,df>45||/o||i,. 


Using Lemma 2.1, fix T^^Np, B, /C) such that for all T >Tc 


A 




where is the iVp-th eigenvalue of the Laplace operator on Therefore, for any T > 
max{Tp, Tc} we have 

Y / llA«)/oll«.*>i j \\P<MMt)h\\],At 




> ^ / l|/’<jv,s(()np/„||^. 


T 


A 


Nr, 


|p<.P(t)njolli2 


>2P||/o||i2-p||/o||i2 = p||/o||i2. 

Therefore (2.6) holds whenever /o G /Ci. 

o Case 2: /o 0 /Ci. Since the eigenvalues A„ of the Laplace operator form an increasing divergent 
sequence, we can choose G N such that 


By the definition of /Ci, we have that 


or, equivalently. 


16 - 


1 Hc/ol ^2 > ^1 /o| i 2 , 

(2.7) 

l|n,/o|li, < i||/olli.. 

(2.8) 

Tc{B,)C) such that 


><„.s(()nj„|ii,d( < 

(2.9) 
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for every T > Tc and every /q G /C. Sinee S{t) is unitary, for eaeh f > 0 we have 


||(/ - P<»js(()/ollL > 2U1 - P<N,)smj„\\l, - 1 |(/ - p<«,)s(()n,/ollL 

> i||s(i)nTollL - i||P<K,s(i)n,/„||L - ||s(i)n,/(,|iL 
= ^linjolli. - ^l|P<«BS(()nc/ollL - l|n,/„|li„ 

and hence with (2.7), (2.8) we conclude 

ll(/ -p<„B)s(i)/o|ii. > ?||/o|lL - ^l|P<».s(i)no/ollL - Iwuh 

= i|l/ollL - i||P<»B5(«)nTollL- 

From the above inequality and (2.9), we then learn that 

4 r ii(/ - p<A.B)s(«)/„iii,d( > huh, 


16 ' 


VT > Tr. 


Therefore, for each T > Tc we have 


7 ^/ \\S{t)fo\\lAt>- 


T 


> 


T Jo 

^Nb / 


\\{I-P<r,,)S{t)fo\\lAt 

||(/-P<^J^(f)/o||i.df 


> 


A 


Nb 


II/( 


Ollia 


16 

>i?ll/olli., 

for all T > Tc and every /q G K\K,i. Hence, (2.6) is proven in the second case as well, and the 
proof is concluded. □ 

Recall that a Borel probability measure /iq G ^(T^) is called an invariant measure for S{t) if, 
for every f G M, 

/io(Al) =/io(^WAl), hAeB{L^). (2.10) 

In an equivalent way, a measure no is invariant for S{t) if 


'L2 


T(C)d/^o(C) = / ^{S{t)C)dfio{C), 


( 2 . 11 ) 


lL2 


for every f G M and every bounded real-valued continuous function cp on L'^. Notice that there is 
no need to take the inverse image of S{t) in (2.10), since we are dealing with a group of operators. 
The support of po, denoted by spt(/io), is the intersection of all closed sets with measure one 
according to po- 

As a consequence of Theorem 2.3, we infer the following information about the support of a 
certain class of invariant measure po of S{t). 

Corollary 2.4. Let po G ^(T^) be an invariant measure for S(t) such that 

[ llCll?rid/7o(C) < 00. (2.12) 

Jl2 

Then Pq{H^ H E) = 1. In particular, spt(/io) C E. 
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In the proof of this result, we will make use of the invariance property (2.11) for the function 
9^(') = II ■ 11 ^ 1 , which is only assumed to be in L^(/io). To justify this, for each n G N, we truncate 
the norm on the Fourier side by defining the sequence of functions ^PniC) = ^^^W{P<nC) ^ ■ 

Then C Cb(L^) and by (2.11) we infer that 


[ ^n{S{t)C)dfio{C) = [ (y9„(C)d/io(C), VneN. 

JL2 7l2 

We can then take n —>■ oo and use the monotone convergence theorem to obtain 

f \\S{t)C\\l,dfio{C)= [ ||CII?rid/io(C), Vf>0. (2.13) 

JL2 Jl2 

Proof of Corollary 2.4. Firstly notice that a straightforward application of Chebyshev’s inequality 
together with assumption (2.12) implies that = 1. Fix ci > 0 such that 


'L2 


HidnoiC) < Cl. 


We need to show that ^o{E) = 1. Suppose not. Then ^o{E^ n H^) > 0. First, consider the 
case that fio{E^ fl \ {0}) > 0 (note that this holds in the case E = {0}). Then, by the inner 
regularity of the measure we can deduce the existence of a compact set /C C {E-^ fi H^) \ {0} 
and an e: > 0 such that 

/io(A 3 ) > £. 

Moreover, we may restrict ourselves to /C such that supjgy^ Wflln^ < oo- Fix ^ positive constant 
M such that 

, ^ 2ci 

M > —. 
e 

By Theorem 2.3, we can find Tm > 0 large enough so that 

1 pTm 


inf — / \\S{t)formdt>M, 
/o6X iM Jo 


Hence, 


£ < /io iJOj < ^0 { fo ^ ■ 7fr~ / 

J-M Jo 


||^(t)/o||Hidf>M 


(2.14) 


We will see that this is sufficient to rule out the existence of fC. 

Second, consider the case that E is non-trivial and ^o{E^ fl \ {0}) = 0. Let {0j}^i (with 
N < oo) be an orthonormal basis for E consisting of eigenvalues of L. By the continuity of 
^0 with respect to decreasing sequences of sets, we have 


lim un 

N^ao 


span 


Jfj=N 


E^)nEn =0, 


and hence for sufficiently large, there holds 

/To (^(span n E'^'J > 0. 

By inner regularity, there exists a compact set K, C (span(0i,..., 0Ar) © E-^^ fl E^^ and an e: > 0 
such that 


As above, we may further restrict ourselves to /C such that sup^g,^ Wflln^ < oo- Due to the fact that 
N < oo, it follows that He maps /C into that is, we have He : span(())i,..., 0Ar) ©E-*- ECiH^ 
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as a bounded linear operator. Hence, there is a constant Cn (depending only on N) such that for 
an arbitrary / G /C, 

> \\smi - ne)/o||^,i - WSmjoW^r > ||^(t)(/ - ne)/o||^. - SUp ||/oi|^. . 

/osv 

By Theorem 2.3, for any M', we can find Tm' > 0 large enough so that 


inf 


' Af' 


/o 6 (/-ne)v Tm' 




and hence, by choosing M' sufficiently large relative to Cat supjgy^ II /o || , and possibly increasing 

have that 


||^(f)/o||Hidf>M . 


e < fiQ < fio ( /o G : 7^ / 

V -LM Jo 

Since /tq is invariant and supported on H^, we use Fubini’s theorem and (2.13) to obtain 


(2.15) 


r 1 i-Tm 

/ TfT- / II^WCII?,idM/ro(C) = 
'L 2 iM Jo 


Tm Jo 
/•'Tm 

Tm Jo 


'L 2 


'L 2 


l|5(t)CllHid/io(C)df 


Hid/io(C)df 


'L 2 


Hid/^o(C) < Cl. 


To conclude, Chebyshev’s inequality, (2.14) or (2.15), and our choice of M imply that 


e < Ho (/C) < Ho { fo ^ H : 7 — 


/•Tm 


M Jo 


||^(f)/o|lHidf>M 


1 


("Tm 


Cl e 


<- — ||^(f)C||^/dfd/ro(C) < < A, 


M Jr2 T, 


-LM Jo 


M 


(2.16) 


a contradiction. This finishes the proof. 


□ 


Remark 2.5. Corollary 2.4 essentially exploits the norm growth (2.5) available for the linear semi¬ 
group S (t) for data in any compact set K C E-^. In principle, linearity is not needed as long as 
(2.5) holds. To make this precise, let R(t) : —)■ be a (possibly nonlinear) semigroup, and 

assume that there exists an invariant measure Ho ^ for -R(f) such that 


/ IICIlHid/io(C) < oo- 

Jl2 

If there exists a compact set /C such that 

lim inf 7^ [ \\Rit)fo\\Hidt = oo, 

T—¥oo joG/C 1 Jq 

then /io(/C) = 0. Indeed, if Ho{KJ) > £ > 0, a computation analogous to (2.16) produces a 
contradiction. 
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2.3. Extensions to an abstract setting. For simplicity of the presentation, we proved Theorem 
2.3 and Corollary 2.4 in the ease of the spaee the operator u ■ V, and the seale of standard 
Sobolev spaees generated by the Laplace operator. Sinee Lemmas 2.1-2.2 are valid in a more 
general setting (see [7]), Theorem 2.3 also holds in greater generality. We here state the more 
general eontext in whieh the results of the previous seetion hold. 

Let (77, II ■ ||//) be a Hilbert spaee, and let A be a strietly positive self-adjoint linear operator 

A : D(A) C 77 ^ 77, 

sueh that 77(^4) is eompactly embedded in 77. From elassieal speetral theory [39], we have that A 
possesses a strietly positive sequenee of eigenvalues {Xk}k&N sueh that 

f 0 < Ai < A 2 < ..., 

I Afe —)■ 00 for fc —)■ cx). 


and assoeiated eigenveetors {efcjfceN whieh form an orthonormal basis for 77. Using the powers of 
A, we ean define the Hilbert spaee 


In partieular 


Let L be a self-adjoint linear operator sueh that there exists a c > 0 and B G L^^^(0, 00 ) sueh that 
for any and 7 > 0, 

II-^^T’IIj? < c||</9||hi, ||e*^Vllr/i < B{t)\\ip\\m. 

Here is the unitary group on 77 generated by the ordinary differential equation 

f-tLf = 0, /(0) = /oe77. 

Defining the subspaee E spanned by the 77^ eigenfunetions of L as in (2.4), namely 

_ l2 

E = spanj^? e 771 : Lip = \ip, A G M} , 
the abstraet version of Theorem 2.6 reads as follows. 


Theorem 2.6. Let K. (Z n E'^ be u noncfnpty cotnpuct S6t in H such that 0 ^ Then 

T—>-oo fo&K 1 JQ 

We then have an analogue of Corollary 2.4. 

Corollary 2.7. Let po G ^(77) be an invariant measure for such that 

[ llCll^id/io(C) < oo- 

Jh 

Then fl 77) = 1. In particular, spt(/xo) U 77. 

Theorem 2.6 and Corollary 2.7 provide a general result that applies to the following oases, some 
of whieh may be of wider interest: 

• dynamical systems posed on (finite dimensional) Riemannian manifolds without bound¬ 
aries, indeed, the ohoioe of in (1.1) was arbitrary and simply for olarity of exposition; 
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• small noise limits of inhomogeneous diffusion problems, for example, 

d/ + (n ■ V/ - Z/V • {A{x)Vf)) = diy*, /(O) = /o, 

where A{x) is smooth, symmetrie, and uniformly positive definite; 

• fraetional order dissipation; this is diseussed further in Seetion 2.4 below. 

2.4. Generalizations to different Sobolev norms. The eonerete ease diseussed in Seetion 2.2 
eorresponds to 

H = E : j ip{x)dx ~ L = iu - V. 

By modifying the above setting to 

(^(a;)da: = o| , A = (-A)2^ L = iu-V, 

for s > 0, it is easily seen that more general versions of the previous results hold. Thanks to 
Theorem 2.6, it is elear that the elassieal Sobolev spaee in Theorem 2.3 does not play a speeifie 
role other than being the domain of the square root of the Laplaee operator. Correspondingly, for 
fraetional dissipation we may define 

_ 

E = span|(^ E : u ■ Vip = iX(p, X E M} , 

and we then have the following. 

Theorem 2.8. Let s > 0 and 1C C fl E-^ be a nonempty compact set in such that 0 ^ /C. 
Then ^ 

lim inf ^ f ||^(f)/o||^.df = cx). 

T^-oo /oS/C I Jq 

The importanee of the above observation relies on the faet that invariant measures to the de- 
terministie inviseid equation (2.1) will be eonstrueted via a partieular vanishing viseosity limit 
of dissipative stoehastie flows. If the dissipation is generated by the Laplaeian, viseous invariant 
measures will satisfy a bound analogous to (2.12) whieh turns out to be stable under the limit pro- 
eedure. However, if for example the dissipation is given by a fraetional power of the Laplaeian, 
only a weaker Sobolev norm will be preserved (or a stronger Sobolev norm if one takes s > 1). 
We therefore state the more general version of Corollary 2.4 hereafter. 

Corollary 2.9. Let s > 0 and po E ^(T^) be an invariant measure for S(t) such that 

[ llCllH-d/ro(C) < oo- 
Jl-2 

Then po{H^ D E) = 1. In particular, spt(/io) C E. 

3. INVISCID DETERMINISTIC LIMIT OF VISCOUS STOCHASTIC MEASURES 

An interesting elass of invariant measures for infinite dimensional Hamiltonian systems sueh as 
the 2D Euler and KdV equations may be obtained from a viseous-stoehastie perturbation where 
the noise and dissipation terms are earefully balaneed. While the measures obtained from sueh 
a proeedure have been studied extensively in a series of reeent works, see e.g. [25-28,33], their 
strueture remains poorly understood. Here and in the sequel Seetion 4 we eonsidered this limit in 
a linear setting and show that the results in the previous seetion ean be used to obtain signifieant 
information about the strueture of these limiting measures. 




12 


J. BEDROSSIAN, M. COTI ZF. T. ATT, AND N. GLATT-HOLTZ 


As in the previous Seetion 2, we fix a divergenee free Lipsehitz flow u and eonsider the eorre- 
sponding stoehastieally foreed, linear system 

df + {u-Vf- uAf) dt = V^dldWt = /(O) = /o, (3.1) 

km 

evolving on where u G (0,1] is a diffusivity parameter and are eoeffleients satisfying 

II^IP = X] \^k? < OO. 

km 

The sequenee Wt = {W^jkm consists of independent eopies of the standard one-dimensional 
Wiener proeess (Brownian motion). As sueh, for eaeh k, dW^ is formally a white noise whieh, in 
partieular, is stationary in time. 

Having fixed a stoehastie basis S = (fl, J^, {J^t}t>o, P, Wt) and an Fq measurable initial datum 
/o G L?' the existenee of a unique weak solution to (3.1) ean be dedueed by elassieal stoehastie 
PDEs methods; see [9]. More preeisely for eaeh u G (0,1], there exists a unique L^-valued random 
proeess {/^(f)}t>o with /^(O) = /o almost surely and sueh that: 

(1) The proeess f'it) is J^^-adapted and 

r GC(M+;L2)nLL(M+;i/'). 

almost surely. 

(2) Equation (3.1) is satisfied in the time integrated sense 

nt)+ ['[u-vns)-iyAr{s)]ds = no) + v^d!Wt, 0.2) 

Jo 

with probability 1 for eaeh f > 0. Here the equality holds in the spaee H~^. 

When /o G L^(f2,L^) we have / G L^(f2; L^^(M+; L^) n Lf^^(]R+; ET^)) and these solutions of 
(3.1) are easily seen to satisfy the energy balanee equation 

E|lr(i)l|i. + 2i^eJ‘ ||/''(s)||l,.ds = E||/‘'(T)||i, + - t) (3.3) 

whieh holds for any t > t > 0. Moreover using exponential martingale estimates one has that 

n*(sup(||rM|li. + i.£||r(s)||^.ds-«HI'i'f-ll/oll") >k') <e-Jip'^ 

for every K > 0, whieh yields additional exponential moments (see e.g. [28]). 

It is worth emphasizing that, in eontrast to aetive sealar systems like the stoehastie Navier- 
Stokes, we ean identify the distribution of solutions of (3.1). Eor this, eonsider the linear determin- 
istie eounterpart of (3.1) 

dtf + u-Vf-uAf = 0, /(0) = /o. (3.4) 

Eor any u > 0, the assoeiated semigroup generated by (3.4) will be denoted by 

S^{t) : 

Note that the adjoint is the solution operator assoeiated with 

dtf-u-Vf- lyAf = 0, /(O) = /o. 
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Given any deterministic /o G we have that /^(t) is Gaussian with mean Su{t)fo and variance 
given as 

Q.{t) = u 

Jo 

3.1. The Markovian framework and stationary statistical solutions. Associated to (3.1) is the 

so-called Markov semigroup {V'j'}t>o, defined on the space Mb{L'^) as 

P,X/o) = Epint, /o)), e M,(L2), t > 0. 

Here, we stress the dependence on the initial datum by writing /^(t, /o) for the solution to (3.1) 
emanating from /q. Since /^(f, /o) depends continuously on /o, it follows that {V'j'}t>o is Feller, 
namely, it also maps Cb{LJ) to itself. 

For each u > 0, the classical Krylov-Bogolyubov procedure establishes the existence of an 
invariant measure G for (3.1), that is an element such that 

/ 'PtFiOdpuiO = [ Vt>0. 

Such measures correspond to statistically invariant states of (3.1). Unlike in the nonlinear setting 
(see e.g. [10,28] and the references therein), the uniqueness of /i^ is not an issue here. Indeed, 
as S,y{t) is an exponentially stable dynamical system, its only invariant measure is the Dirac mass 
centered at zero. Therefore, [10, Theorem 6.2.1] provides a precise characterization of Specif¬ 
ically, 

Pu = J\f{0,Qu), 

a Gaussian centered at 0 with covariance operator given by 

/•OO 

Jo 

We denote by fs{t) a statistically stationary solution associated to for which 

nfsit) eA)= p,{A), VA G t > 0. 

In particular, it follows from the energy equation (3.3) that any statistically stationary solution 
obeys the stronger balance 

nssm^ = j = j iiciiLdf-.K) = his-r. v«>o. 0.5) 

k! k! 

Similarly to [28] (and see also e.g. [8,13]) we have the following further ^-independent bounds. 

Lemma 3.1. Let be a statistically stationary solution associated to the invariant measure 
For each T > 0, define the trajectory space 

yr = n (3.6) 

where It = [0,T] and a G (1/4,1/2). Then, 

E\\rs\\k<^o, 

where Cq = CQ{\\u\\T^,a,T, ||ll/|p) > 0 is independent of u G (0,1]. 


(3.7) 
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Proof. The first part of the bound in H^) follows directly from (3.5). For the second bound 

in H\It] H-^) + T2) we split (3.2) as, 

fsit) = g{t) + 


where 


Observe that 





i.A/5^(s)]ds + r(o). 


< (1 + ll'“IU”)ll/s(^)llr^i- 


Similarly 

ii^^(f)ii^-. < c(i + \\uu^) r mmut+cwrsmi^- 

Jo 

As a consequence, making another use of (3.5) we conclude that 

E [\u{t)rH-. + ||%^(t)||i-0dt < C(1 + i|rr||io.)||vI/f, (3.8) 

Jo 

for a constant c > 0 independent of o e (0,1]. Since '^Wt — ~ AC(0, 'k(f — s)) for any 

f > s > 0 we have that 

E\\^fJWt-^Wg\\^ <c\\^\\\t-sf 

which yields the estimate 

E r \\<S!W,\\t,dt + E f rf'‘Jf^Jff^dtds<c(T)\\9r. (3.9) 

Jo Jo Jo r ~ '®l 

Combining (3.8) and (3.9) now gives the second z/-independent bound concluding the proof. □ 


3.2. The inviscid limit. Thanks to the compactness of the embedding of into and (3.5), 
the collection {fiu}ue{o,i] is easily seen to be tight. As such one can extract weakly convergent 
subsequences and we will refer to any limiting probability measure, denoted by /iq, as a Kuksin 
measure. As mentioned above, such measures have been extensively studied in an analogous 
nonlinear setting [16,25-28,33]. Let us now recall some properties of /io which may be obtained 
in a similar manner to these works. 

We begin by observing that invariance is preserved in this inviscid limit 


Proposition 3.2. The measure Hq G ^(T^) is invariant under the group {S{f)}t^^definedby {2.\), 
namely 

Po{A) = po{Sit)A), WA E t E M. 

As discussed in Section 2, the inviscid problem (2.1) is well-posed for initial data in let X 
be the set of all solutions to (2.1). As we have seen, 

A’ C a(M; L^) n 1 L^’~(M; R-^). 

Define Kq : X ^ Lf hy = </9(0). From uniqueness, it follows that Kq is one-to-one, 
while existence for any arbitrary initial datum /o E Lf shows that Kq is onto, hence invertible. 
As a consequence, from any Borel probability measure p on R it is possible to define a lifted 
probability measure pon X via 

p{A)=p{KoA), AeB{X). 
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The proof of Proposition 3.2 is very similar to that in [28, Theorem 5.2.2], and see also [13]. We 
therefore omit the details of the following steps, based on compaetness arguments and probabilistie 
methods. 

• To the sequenee C we assoeiate the sequenee of lifted measures on 

trajectories C The latter is tight in C(]R+; H~^) fl for 

any e: > 0, thanks to Lemma 3.1, hence limit points Hq exist. 

• In view of (3.7), = 1, and is in fact the lifting of the measure 

Moreover, is the law of a stationary process fs whose trajectories solve the inviscid 
equation (2.1), at least up to a set of measure zero. This implies the /io is invariant under 
Sit). 

Let us next highlight some further properties of /xq and its associated statistically stationary 
solutions fs- 

Lemma 3.3. Let fs be a statistically stationary solution of {2.1) associated to a Kuksin measure 
/iQ. Then almost every realization of fs belongs to the space X. 

Proof. By construction, any statistically stationary solution fs is a solution to the inviscid problem 
(2.1) and a limit point of a subsequence of statistically stationary solutions associated to 
Almost surely and for every T > 0, rs belongs to the trajectory space (see (3.6)), with 

Ell/sllk £ 

In turn, a lower semicontinuity argument implies that the same holds for weak subsequential limits, 
namely 

<Co. 

Since the space (see e.g. [24, 31, 32]) is continuously embedded in (^(/t; Lf), we infer that 
almost surely 

/5eC(M+;L2). 

Moreover, fs can be extended backward in time due to time-reversibility of the inviscid equation. 
As a consequence, any statistically stationary solution fs to (2.1) is global in time, belongs to X, 
and satisfies the global estimate (2.3). □ 


Besides the above features, the measure po possesses an additional property that is essential to 
our analysis. 

Lemma 3.4. Let pq be a Kuskin measure and let fs & X be a statistically stationary solution to 
(2.1) associated to Pq. Then 

£ IICII?,.df.o(C) = ll/s(*)llLdi < illS-lL (3.10) 

for every T > 0. 


Proof. The equality in (3.10) is simply a consequence of the fact that fs is a statistically stationary 
solution associated to pq. Now, for each z/ > 0 and thanks to stationarity, (3.3) implies that 


E 


1 

T 




2 


0 


VT > 0. 
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The uniformity with respect to z/ > 0 of the above estimate together with weak compactness and 
lower semicontinuity implies that 

E f £ \\fsm%dt < lm'\ vT>o. 

This proves (3.10). □ 

The main result of this work now follows in a straightforward manner by combining the above 
Lemma 3.4 and Corollary 2.4. 

Theorem 3.5. Let /tq be a Kuksin measure for the linear inviscid problem (2.1). Then 

• /io(L“ ni/i HE) = 1. 

• /io = A/^(0, Qf), where Qq is a limit point o/{(5i/}jye(o,i] the weak operator topology. 

The fact that the support of Pq is a subset of is discussed briefly in Remark 3.6 below. 
Also, Pq is Gaussian since it is the limit of Gaussian measures. However, in the general case 
the (subsequential) convergence of the covariance operators Qv can be only guaranteed in the 
weak operator topology. In order to deduce further properties of po, such as uniqueness or more 
information on the support, one would have to prove better quantitative estimates on Q^. As 
shown in the following Section 4, this will be possible in a few specific cases in which the operator 
uV — a A or, equivalently, the evolution semigroup Siy{t), is better understood. 

Remark 3.6. That the support of po is a subset of L°° follows from a variant of [16, Theorem 
4.2], in which an instantaneous parabolic regularization from to was shown by means of a 
Moser type argument. The proof applies to linear advection-diffusion equations with divergence- 
free velocity field [16, Remark 4.4] and fractional dissipation [16, Remark 4.5]. In [16], two- 
dimensionality is used only to avoid the vortex-stretching term that would arise in the three- 
dimensional Navier-Stokes equations. For scalar, linear advection-diffusion equations, the gen¬ 
eralization to higher dimensions is similar to the case of fractional dissipation. Both are based 
on restricting 2* in [16, Equation (4.18)] to smaller values. For example, in the case of —A dis¬ 
sipation and dimension d > 2, one would need to choose 2* E (2, J^). However, the proof of 
[16, Theorem 4.2] works for any fixed 2* > 2. 

4. Explicit examples 

In this section we discuss some cases where explicit computations are possible. This allows 
us to determine some more precise information about the Kuksin measures and, in some cases, 
characterize them explicitly. 

4.1. Relaxation enhancing flows. Our first example concerns a class of flows for which the asso¬ 
ciated Kuksin measure is trivial. The concept of relaxation enhancing flow was introduced in [7], 
although similar issues were investigated in previous works as well [6,18-21]. 

Definition 4.1 (Relaxation enhancing). An incompressible velocity field u : T'^ —)■ is called 

relaxation enhancing if for every r > 0 and 5 > 0, there exists uq = uq(t,6) such that for any 
a < i/q and any /q G we have 

||5'v(r/z/)/o||L2 < (5 ||/o||l2, 

where 3^(1) denotes the semigroup associated to (3.4). 


(4.1) 
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The main result of [7] shows that relaxation enhancing flows can be identified precisely in terms 
of spectral properties of the linear operator it ■ V. 

Theorem 4.2 ([7, Theorem 2.1]). A Lipschitz continuous incompressible flow u is relaxation en¬ 
hancing if and only if the operator u ■ V has no eigenfunctions in other than the zero function. 

In particular, weakly mixing flows [11, 12,22,38] - flows such that iu ■ V has purely contin¬ 
uous spectrum - are relaxation enhancing. Theorem 3.5 above shows that if a flow is relaxation 
enhancing, then there exists a unique Kuksin measure and it is simply a single atom of unit mass at 
zero (in fact, this is true of all invariant measures satisfying = 1). This is because Theorem 

4.2 implies that E = {0}. However, due to the explicit estimate on Sflt) available from (4.1), for 
relaxation enhancing flows we write a direct proof of the result by characterizing the covariance of 
the unique invariant measures /Xj, = 7\^(0, Qj,), for z/ > 0. This proof will also generalize to some 
further examples. 

Theorem 4.3. Let u be a relaxation enhancing flow. Then (5o, the Dirac mass centered at zero, is 
the unique Kuksin measure for the linear inviscid evolution S{t). 

Proof. As discussed above in Section 3.1, for every z/ > 0 the unique invariant measure for (3.1) 
is a Gaussian Qf) with covariance operator given by 

noo 

Qu = i^ 

Jo 

Note that in view of the structure of 4/ in (3.1), 4/4/* is the operator 

{ek,T) ek- 

fcsN 

We proceed to show that 0 as z/ —0, which immediately yields the desired result. 

Since u is relaxation enhancing, by Definition 4.1, for all 5, r > 0, there exists z/q > 0 sufficiently 
small such that for all u < uq 

\\SflT/iy)\\^2^^^ < 6. (4.2) 

Since ||T||^ 2 ^j ^2 = \\T*\\j^ 2 ^j ^2 for all bounded operators T ■. Lf ^ E^, we have that (4.2) holds 
also for Sflt)*. We also have the straightforward estimate from the heat equation which holds 
regardless of the velocity field u (as long as it is incompressible), 

Vi>0. (43) 

where Ai is the first (non-zero) eigenvalue of the Laplacian. In particular, Sflt) is a contraction, 
and the estimate (4.2) will propagate at later times as well, namely, for any r and 5 there exists a 
uq = uo((), r) > 0 such that 

L2^L2 <5, Vf > -, (4.4) 

for all z/ < z/q. Then, for any p E with WpWl^ = 1 we have 

POO 

\\qm\l-<^ / \\sflt)^^*sfltrp\\^2dt 

Jo 

prjv POO 

<Hl^f / II^.WII L2^.L2 df -I- 

Jo J T jv 
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Using (4.3)-(4.4) we then infer that 


POO 

^0 J T jv 

PTjv POO 


tIv 


< 


1^1 


2Ai 




Ai 


-\\T 


(4.5) 


Fix e > 0 arbitrary and ehoose r sueh that 1 — e < e and 5 < e. Then by (4.2), there exists 
an z/Q = uo{e), 

il<5,.y^|lL2 < Vz/<z/o. 

The norm estimate on follows: for all £ > 0, there exists a uq sueh that u < uq implies 

n 3||^||2 

and hence 


lini||Q^i|^2^^2 = 0. 


Since the covariance converges in the operator norm to zero it follows that 


lim/ii, = ^0, 

i/—>0 

completing the proof. 


□ 


Remark 4.4. Notice that the quantitative estimate (4.2) plays a crucial role in the proof of Theorem 
4.3 described above, and highlights the usefulness of having a more quantitative understanding of 
Suit) for u > 0. 


4.2. General shear flows. In this section we discuss the very simple example of shear flows in 
two dimensions (on or a more general torus of arbitrary side length, but let us take the former 
for simplicity): 


uix,y) 



(4.6) 


It will be clear from the proof that analogous results hold also for d-dimensional shear flows (for 
d > 3) with similar proofs. To simplify the exposition, we will discuss a relatively nice class of 
shear flows, rather than concern ourselves with the most general of cases (surely a more general 
class is possible). 


Deflnition 4.5. We say a shear flow (4.6) is non-degenerate provided that u' is continuous and that 
u' vanishes in at most finitely many points. 


It will be convenient to write the force in terms of the standard Fourier basis: 

<^dWt= Y. 

(fcj)ez2 
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where \ {(0,0)} and 

P, . — ^ -ikx-ijy 


and j)gz 2 are independent Brownian motions. To ensure the foree is real-valued, we 

naturally enforee the symmetry eonditions 






Note that despite the apparent eoupling, the foree ean still be written as a sum of independent 
Brownian motions: 


AldWt 


^ -j-eo-j) dW^’^ + ^ idPk,jek,j + i^-k-je-k-j) dW^’^. 

j>0 (fcJ)eZ2:fc>0 


We then get the following result. 


Theorem 4.6. Let u be a non-degenerate shear flow in the sense of Deflnition 4.5. Then, for 
each choice of \h, the resulting Kuksin measure is given uniquely by a Gaussian ff^O, Qq) with 
covariance defined by the following: for any ip G 

QriT ~ 'y ^ D I -12 

Remark 4.7. Notiee that even though (4.6) is not relaxation enhaneing, if ipQ^j = 0 for all j then 
the Kuksin measure is still the Dirae mass ^o- 


Proof. First we prove that the only Lf eigenfunetions for L = iu -V with u of the form (4.6) are 
independent of x. To see this, suppose there existed some ip & Lf sueh that 

u ■ Vip = udxip = i\<p, A G M 

in the sense of distributions but whieh is not independent of x. Taking the Fourier transform with 
respeet to x implies the following almost everywhere in y and k d: 

0 = (A - ku{y))ip{k,y). 

By the hypotheses of non-degeneraey and the mean-value theorem, it follows that u{y) ean only 
take the same value finitely many times, and henee this identity ean only be satisfied if ip{k, y) = 0 
almost everywhere for all k non-zero. Consequently, the only possible eigenfunetions are in¬ 
dependent of X (almost everywhere) and are all zero eigenfunetions of the operator u{y)dx. There¬ 
fore, 

E = {p>eL‘^ : ip(x, y) = ip{y) a.e.} 
and henee the projeetion lie : —)■ is simply given by 

{YieT){x,y)= / ip{x,y)dx. 

JT 

Moreover, by Theorem 4.2, it follows that if one restriets L = L|^x, with 


= { ip eL 


ip{x, y)dx = 0 


a.e. 


then L is relaxation enhaneing sinee it has a purely eontinuous speetrum. 
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Next, because He and A commute, it follows that the solution /’’'(t) = Su(t)fo of the determin¬ 
istic viscous problem (3.4) satisfies 

dtHer = ^An nj^(o) = njo 

and so E is an invariant subspace also for S^{t) and not just S{t) - this is the crucial point of 
the proof. If we denote Sy{t) = then since L = L^i- is relaxation enhancing, from 

Definition 4.1 we have that for every r > 0 and 5 > 0, there exists z/q = 6) such that for any 

v < 1^0 and any /o G 

||-^v(r/z/)/o||L2 < (5 ||/o||l2- 

Finally, notice by linearity that 

Su{t)fo = S,{t)Hefo + - ne)/o, 

however, by the above invariants, we also have 

TieS.{t)fo = S,{t)Heh = 

(J - He)S,{t)fo = - ne)fo = S,{t)fo 

and the same holds for Denote for any (p E the operator 

(fcJ)6Z2 


Therefore, to compute the covariance, for any 93 G we have 



:= Tip + T^p. 

The first term, Ti, is independent of f. Indeed, since cqj are eigenfunctions of the heat operator: 


Tip = iV'ojf [ e 2^l^l"‘(eoj,y3)eoydf = ^ y^)eoj- 

,^o ^ m 

On the other hand, because S'y(f) is relaxation enhancing, the latter term is estimated precisely as 
in (4.5) in the proof of Theorem 4.3. Hence, we may deduce as above that 

lim ||T2nii2^i2 = 0, 
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and therefore 


completing the proof. 


lim||Q^-Ti||^2^^2 =0, 


□ 


4.3. Non-degenerate Cellular flows. In this section we discuss one last example in which we can 
get some additional regularity and other kinds of information due to the rigidity of E, even if we 
cannot determine the invariant measures precisely. 

Definition 4.8. For a smooth streamfunction if), we say u = is a non-degenerate cellular 
flow if can be tiled with a finite number of open, disjoint, curvilinear polygons Vi (referred to 
as cells) whose boundaries are smooth except at the vertices, such that the following holds: 

. T2 = 1J^; 

i 

• inside each polygon Vi, there is a unique fixed point aif G Vi and we assume that the other 
level curves Cflz) = {x E Vi : il){x) = z} are smooth curves which are diffeomorphic 
to concentric circles away from the edges of Vi, that is, there exists a homeomorphism 
M-i '■ Vi ^ (where D denotes the unit disk) which is a diffeomorphism away from the 
edges of Vi such that there is some strictly monotone function r{z) for which we have 
MflCflz)) = {cc e D : |a:| = r{z)}-, 

• the vertices of the polygons, denoted x^, are fixed points; 

• the edges of the polygons are smooth streamlines which form a simply-connected network 
of heteroclinic connections between the vertices x^', 

• the following non-degeneracy condition holds on each polygon: 

dz ( f . | df I = 0 

\Jc,iz) W{X)\ ) 

in at most finitely many points. 



Figure 1. A typical cellular flow. 


In what follows, denote the functions 

Uz) = 




di, 
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which are the period of the orbit with “energy” level z. Further, denote the set of all fixed points as 
the disjoint union F = Fg U F^, where Fg = {a;®,..., a;®} is the set of fixed points in the interior 
of the eells and ■ ■ ■) *m} *^he set of fixed points eomprising the vertiees. We refer to 

the set Fh together with the heteroelinie eonneetions as the edge-vertex network. See Figure 1 for 
a sehematie of a typieal eellular flow. As above, denote 

_ l2 

E = span{(y9 G : iu ■ Vcp = Xcp, A G M} . 

Clearly, there are many non-smooth eigenfunetions eorresponding to the zero eigenvalue (sueh as 
funetions whieh are eonstant over one eell and zero elsewhere), however, the Kuksin measures 
are also supported on H^, whieh together with the form of the eigenfunetions, imposes additional 
rigidity. In partieular we have the following theorem. 

Theorem 4.9. Let u be a non-degenerate cellular flow on T^. Then 

F n = |(^ G : u ■ V(^ = 0 a.e.} , 

and it follows that all ip E E Cl are constant along streamlines, continuous on \ Fg, 
on every compact set K with F fl F = 0, and attain the same value everywhere in the edge-vertex 
network. Finally, it follows from Theorem 1.1 that all Kuksin measures po associated to the flow u 
satisfy po{E (1 H^) = 1. 

Remark 4.10. Theorem 4.9 is, heuristieally at least, eonsistent (though mueh less preeise) with 
the results of Iyer and Novikov in [29], whieh show that information travels along the edge-vertex 
network mueh faster than it travels aeross streamlines on the interior of the eells and so rapidly 
homogenizes near the edge-vertex network on time-seales faster than u~^. 

Remark 4.11. One ean imagine extending Theorem 4.9 to wider elasses of 2D flows whieh satisfy 
suitable non-degeneraey eonditions (for example, those studied in [14,15]). 

Proof of Theorem 4.9. First note that the streamlines of the flow are preeisely the level eurves of 
f. The first step is to prove that all eigenfunetions of L = iu-V are eonstant along streamlines 
almost everywhere using a variant of the argument employed in Theorem 4.6. Suppose ip E is 
sueh that 

■ Vip = iXip, A G M 

in the sense of distributions. Consider the eell Vj and draw a smooth eurve £{t), t E [0,1], 
eonneeting with an edge of the polygon sueh that £{t) interseets eaeh level eurve Cj{z) at a 
single point, whieh we denote by x^. Note this is always possible due to the assumption that the 
level eurves be diffeomorphie to eoneentrie eireles: indeed, draw a line from the origin to the point 
(0,1), and then map this line baek to Vj using Aij and take the resulting eurve as £{t). Define 

A$^(2) = = X,. 

and 


h{t,z) = 

defined for z between 'f{x'j) and the value of f on the edge of the eell; let us denote this range 
G (2:0, 2^1). Due to the regularity properties of the streamlines, it follows that ^flz) is a smooth 
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function (for z away from zq and zi) and hence h{t, z) is away from from zq, zi. Henee, for 
almost every z e Zi), h{t, z) is periodie with period Tj{z) and from the ehain rule we have 

dth{t, z) = iXh{t, z) 

in the sense of distributions. For each it follows that either A = 0 (and henee h{t, z) is eonstant 
in t) or A must be an integer multiple of Tj{z). However, by the non-degeneraey hypotheses, Tj{z) 
can take the same value only finitely many times and hence h{t, z) must be eonstant in t for almost 
every z. It follows then that 99 is eonstant along streamlines within the eells. Sinee the edge-vertex 
network is a measure-zero set, we therefore have that all eigenfunctions are eonstant along 
streamlines almost everywhere. It further follows that all eigenfunetions have eigenvalue zero. 

Next, let ip G F n be arbitrary. Sinee all of the eigenfunctions correspond to the same 
eigenvalue (zero), it follows that ip is itself neeessarily an eigenfunetion. We have thus dedueed 
that 

E n = {^ip & ■. u ■ Vip = 0 a.e.} . 

Using diffeomorphisms to loeally straighten the streamlines, we see that beeause ip is eonstant 
along streamlines, it follows that ip must be away from F (the set of fixed points) by Morrey’s 
theorem That is, ip is in any eompaet set K sueh that K P\ F = 

0. Further, by continuity and taking limits along trajectories (along whieh ip is eonstant) from 
the interior of the eell, we see that ip is eonstant on the heteroclinie eonneetions between the 
vertiees and takes the same value on any two heteroelinie eonneetions whieh bound the same eell. 
Therefore, up to a measure zero alteration, we ean take ip that same value at the vertiees and so 
ip is eontinuous on every eompaet set whieh does not interseet F^. Finally, by eontinuity and the 
connectedness of the edge-vertex network, we see that ip must attain the same value everywhere in 
the entire edge-vertex network. □ 
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